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Abstract

We propose a novel fiber Raman amplifier (FRA) modeling method based on the expansion
complicated Raman ordinary differential equation (ODE) into a closed integral/matrix form. B
ing the effective length as the interim solution and updating its value along the iteration axis, R
gain and pump/signal evolution can be calculated with orders of magnitude increase in conve
speed at the equivalent accuracy when compared to the previous approaches based on the
merical method for the ODE. Application of this formalism to the problem of (i) gain prediction
a given parameters, (ii) gain spectrum engineering for the search of optimum pump power se
the given constraints, (iii) gain clamping problem for the channel reconfiguration, and (iv) deriv
of analytic formula for the faster FRA dynamic control have been addressed.
 2005 Elsevier Inc. All rights reserved.

Keywords:Optical amplifier; Raman; Algorithm; Gain control; Optimization methods; Integral equations

1. Introduction

The fiber Raman amplifier (FRA) has become an indispensable technology w
distinctive advantages—such as flexible gain bandwidth and intrinsically lower noise
acteristics [1,2]. For the optimal design of the Raman amplifier/amplified transmi
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systems, various approaches have been proposed for the efficient/accurate modelin
Raman amplifier [3–6]. Although different in their algorithm details, levels of converg
speed and accuracies, still all these approaches share the common platform of cou
dinary differential equations (ODE) for the Raman equation set that must be solved
the long length of fiber propagation axis, resulting exhaustive calculation efforts.

In this work, we introduce an alternative, highly efficient modeling method for F
analysis. By formulating the coupled ODEs for general FRA problem to a closed r
sive form based on the integral equation, Raman amplifier is solved along the ite
axis rather than the fiber axis, enabling orders of faster convergence speed at the
lent accuracy achievable with the previous approaches. With this platform, we sho
the traditional FRA problems such as (i) gain prediction with a given parameters, (ii)
spectrum engineering for the search of optimum pump power set under the give
straints, and (iii) gain clamping under the channel reconfiguration can be treated in a
simpler/faster way.

2. Closed form expansion of Raman equation

To construct such an algorithm/platform stated in the introduction, we treat the R
gain coefficient as the perturbation factor in the adiabatic process and (1) derive a
sive relation of Raman integral equation, (2) construct a matrix formalism for the effi
calculation of the relations.

2.1. Formulation

Focusing to the conventional, distributed FRA which use long length of transmi
fiber as the gain medium, the effect of amplified spontaneous emission (ASE) and Ra
scattering can be ignored in good approximation [1,7]. Under these assumptions
will be justified later), the coupled nonlinear Raman processes between waves in th
can be expressed as [7–9]

±dPi

dz
= −αiPi +

M+N∑
j=1

gjiPjPi,

gji =



gR(νj −νi )

2Aeff
whenj � i,

−(
νi

νj

) gR(νi−νj )

2Aeff
whenj > i,

(1)

wherePi is the power ofith wave,αi is the attenuation coefficient,gR(�ν) is the Raman
gain coefficient between waves separated by�ν,Aeff is the effective area,M is the number
of pumps, andN is the number of signal waves. After dividing Eq. (1) byPi and integrating
overz, we get

Pi(z) = Pi(0)exp

[
∓αiz ±

(
M+N∑
j=1

gji

z∫
Pj (ζ ) dζ

)]
. (2)
0
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Fig. 1. Flow diagram of the suggested adiabatic iteration algorithm along the iteration axis. (�P (0)
sig , �P (0)

F,P, �P (0)
B,P;

zeroth-order signal, forward-pump, and backward-pump power.)

Here, the upper/bottom signs are for the forward/backward propagating waves, r
tively. With an additional integration process, we get the following integral form of Ra
wave equations:

∫ z

0 Pi(ζ ) dζ

Pi(0)
=

z∫
0

exp

[
∓αiζ ±

(
M+N∑
j=1

gji

ζ∫
0

Pj (ξ) dξ

)]
dζ. (3)

Now, utilizing the definition ofLeff,i (z) = ∫ z

0 Pi(ζ )/Pi(0) dζ , we can then rewrite
Eq. (3) into a closed integral form for the effective length,

Leff,i (z) =
z∫

0

exp

[
∓αiζ ±

(
M+N∑
j=1

gjiPj (0)Leff,j (ζ )

)]
dζ. (4)

To solve this equation, we apply Picard’s iteration method to Eq. (4) takingLeff,i as the
interim target solution. Atnth iteration step, Eq. (4) becomes

L
(n)
eff,i (z) =

z∫
0

exp

[
∓αiζ ±

(
M+N∑
j=1

gjiP
(n−1)
j (0)L

(n−1)
eff,j (ζ )

)]
dζ. (5)

For the implementation of the above equations into the numerical domain, we
construct a vector̃L(n)

eff,i (�zk) to assign the value of the effective length at theith wavelength
at the position vectorzk (the discrete position element covering the whole fiber link w
step size of�z, as shown in Fig. 1), with the vector elements,

L
(n)
eff,i

(�zk

) = exp
[∓αi�zk ± (�gji

�P (n−1)
j (0)

) · L̃(n−1)
eff,j

(�zk

)] · T̃trig · �z, (6)
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, the

we
where

�zk = [0 �z 2�z 3�z . . . L − �z L],
L

(n)
eff,i

(�zk

) = [
L

(n)
eff,i (0) L

(n)
eff,i (�z) L

(n)
eff,i (2�z) . . . L

(n)
eff,i (L)

]
,

�gji
�P (n−1)
j (0)

= [
g1iP

(n−1)
1 (0) g2iP

(n−1)
2 (0) g3iP

(n−1)
3 (0) . . . g(M+N)iP

(n−1)
M+N (0)

]
,

L̃
(n−1)
eff,j

(�zk

)

=




L
(n−1)
eff,1 (0) L

(n−1)
eff,1 (�z) L

(n−1)
eff,1 (2�z) · · · L

(n−1)
eff,1 (L)

L
(n−1)
eff,2 (0) L

(n−1)
eff,2 (�z) L

(n−1)
eff,2 (2�z) · · · L

(n−1)
eff,2 (L)

L
(n−1)
eff,3 (0) L

(n−1)
eff,3 (�z) L

(n−1)
eff,3 (2�z) · · · L

(n−1)
eff,3 (L)

...
...

...
...

...

L
(n−1)
eff,(M+N)

(0) L
(n−1)
eff,(M+N)

(�z) L
(n−1)
eff,(M+N)

(2�z) · · · L
(n−1)
eff,(M+N)

(L)




,

T̃trig =




0 1/2 1/2 1/2 · · · 1/2
0 1/2 1 1 · · · 1
0 0 1/2 1 · · · 1
0 0 0 1/2 · · · 1
...

...
...

...
...

...

0 0 0 0 · · · 1/2




.

Meanwhile, utilizing the rule of superposition with fractional Raman gains [7–9]
Raman gain at a certain wavelength can be expressed as

Gi =
M+N∑
j=1

gji · Leff,j (L) · Pj (0). (7)

Treating the powerPj (0) of signal/pump waves as an individual vector element,
now transform the gain Eq. (7) into following matrix form:

�G = T̃ × �P , (8)

where

�G =




G1

G2
...

GN+N


 ,

T̃ =




g11Leff,1(L) g21Leff,2(L) · · · g(M+N)1Leff,(M+N)(L)

g12Leff,1(L) g22Leff,2(L) · · · g(M+N)2Leff,(M+N)(L)
...

...
...

...


 ,
g1(M+N)Leff,1(L) g2(M+N)Leff,2(L) · · · g(M+N)(M+N)Leff,(M+N)(L)
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


P1(0)

P2(0)
...

PN+N(0)


 .

Utilizing these formulations, the Raman gain values for every pump/signal wave
be obtained with a matrix multiplication process without relying on a complex solu
search procedure of the coupled ODEs.

2.2. Application example 1: Gain prediction

The actual procedure to practically implement the above-derived analytic formu
into the numerical domain can be summarized as follows.

Step 1. Initial condition setup
Treating thegji × Pj (0) × Leff,j (�zk) in Eq. (6) as a perturbation parameter in

adiabatic process, we first assume it to be zero for the zeroth iteration step to g
zeroth-order initial effective length,̃L(0)

eff,j (�zk) = (1− exp(∓αj �zk))/αj . At the same time
to ease the application of transfer matrix for all forward/backward propagating wave
treat the forward propagating waves injected at the input end (z = L) as the backward prop
agating waves assigned to the output end [5] (z = 0, as illustrated in Fig. 1). Under th
arrangement, for the forward propagating waves in the counter-/bi-directional pum
configuration, we can set the initial guess of the signal power at the output end (�P (0)

sig (0))

and forward pump power at the output end (�P (0)
F,P(0)) to be equal to (�P (0)

sig (L) − |fiber loss|)
and (�P (0)

F,P(L) − |fiber loss|), respectively. Here, the signal power at the input end�P (0)
sig (L)

and forward pump power at the input end�P (0)
F,P(L) are simply the pre-determined initi

value (already known). As can be easily figured out, in the co-directional pumping co
uration, we can use the pre-determined initial input signal power and forward pump
as �P (0)

sig (0) and �P (0)
F,P(0), respectively, by simply assigning thez values from the opposit

direction.

Step 2. Calculation of higher-order terms
By substituting �P (0)(0) andL̃

(0)
eff,j (L) into Eq. (6), the first-order approximation for th

effective lengthL̃(1)
eff,j (L) can be obtained. Also can be obtained is the value of�G(1) from

�P (0)(0) andT̃ (1) (calculated fromL̃
(1)
eff,j (L)) by Eq. (8). Finally, to get the first-order valu

of the target solution�P (1)(0) in the counter-/bi-directional pumping configuration, we
�P (1)
sig (0) and �P (1)

F,P(0) equal to (�P (0)
sig (L) − |fiber loss| + �G(1)) and (�P (0)

F,P(L) − |fiber loss| +
�G(1)), respectively.

Step 3. Reiteration
Repeating the iteration procedure described in Step 2 at the higher-order val

L̃
(n)
eff,j (L), T̃ (n), �G(n), �P (n)(0), and �P (n)(L), as shown in Fig. 1, the converged final s

lution set can be obtained.
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Figures 2 and 3 show the comparison result between the described algorith
the conventional average power method [5]. 71 signals were used at the wavelen
1530–1600 nm with 1 nm spacing at the signal power of−13 dB m/ch. For the co-/counter
directional pumping scheme, we used 14 pumps (1420–1480 nm with 5 nm spacing,
additional pump at 1495 nm), while for the bi-directional scheme we tested with 4 p
in the forward direction (1420–1435 nm with 5 nm spacing) and 10 pumps in the bac
direction (1440–1480 nm with 5 nm spacing and 1495 nm). 37 km of dispersion s
fiber (DSF), which has a larger Raman gain coefficient than that of single mode
(SMF), was employed as the test gain medium. As can be seen from Fig. 2, the sug
method shows excellent convergence accuracy—after 6 iteration steps, and the a
improvement from the next order of iteration becomes less than 0.002 dB. The relativ
difference between the proposed method and the average power method (APA) inc
the effects from the ASE and Rayleigh scattering (scattering loss 6× 10−5 m−1, recapture
fraction 10−3) remained less than 0.03 dB over the whole 71 nm gain spectral range
similar level of convergence (gain accuracy improvement<0.002 dB).

Meanwhile, the required computation time to get the exact Raman gain and signal
power distribution was less than 1 s (at 100 m of spatial resolution) for all the co-, cou
and bi-directionally pumping configurations, with a conventional PC (2.0 GHz CPU cl
To note, the measured convergence speed of the APA method (without ASE and Ra
scattering, for the fair comparison) was much longer (order of 102 s, at much lower spatia
resolution of 1.85 km, number of iteration= 4, used fourth-order Runge–Kutta meth
at 300 K). Figure 3 also shows the signal evolution along the fiber. The excellent a
ments between the two simulation results show the validity of the proposed algorithm

Now, from the acquired signal/pump distribution, various FRA noise also can b
tained by expanding the well-known formula [10] to include multi-wavelength pum
follows:

PASE+(νs, z) =
∑

pumps

Gnet(νs, z)

×
z∫

ζ=0

(1+ ηT)2hνsBogR(νp − νs)Pp(νp, ζ )
1

Gnet(νs, ζ )
dζ,

PASE−(νs, z) =
∑

pumps

1

Gnet(νs, z)

L∫
ζ=z

(1+ ηT)2hνsBogR(νp − νs)Pp(ζ )Gnet(νs, ζ ) dζ,

P R
ASE−(νs, z) = Gnet(νs, z)

z∫
ζ=0

(
SαR

s

)
PASE−(νs, ζ )

1

Gnet(νs, ζ )
dζ,

P DRS
s (νs, z) = Gnet(νs, z)

(
SαR

s

)2
Ps(νs,0)

z∫
ζ=0

1

(Gnet(νs, ζ ))2

×
L∫ (

Gnet(νs, ξ)
)2

dξ dζ,
ξ=ζ
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l, and
Fig. 2. Raman on/off gain with different pumping configurations: (a) co-directional, (b) counter-directiona
(c) bi-directional pumping.
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tional,
Fig. 3. Signal power evolution at 1530–1600 nm with 10 nm spacing: (a) co-directional, (b) counter-direc
and (c) bi-directional pumping.



N. Park et al. / Optical Fiber Technology 11 (2005) 111–130 119

ec-
n

oise

d ASE
ber
f FRA
ith the
com-
yleigh

back-
d signal
whereGnet(νs, z) andPs(νs, z) are the distribution of net-gain and signal power, resp
tively, Pp(νp, z) is the distribution of pump power,ηT is the thermal equilibrium excitatio
equal to 1/(exp(h(νp − νs)/kT ) − 1), Bo is the optical bandwidth,αR

s is the Rayleigh
scattering loss, andS is the recapture fraction. Figure 4 shows the examples of n
calculation (scattering loss 6× 10−5 m−1, recapture fraction 10−3 at 300 K, resolution
bandwidth= 0.5 nm).

It is worth to note that, above result can be as well used to estimate the accumulate
power for cascaded FRA links. Applying the well-known formula (multiplying the num
of cascade to the ASE power of single stage), the output ASE power after 10 spans o
link can be obtained (Fig. 5a). As can be seen, the result agrees remarkably well w
accumulated ASE power obtained with the full APA method. Figure 5b shows the
parison of gain spectrum between the standard model (including both ASE and Ra

Fig. 4. Various FRA noise component in the counter-pumping configuration: (a) forward ASE power, (b)
ward ASE power, (c) Rayleigh-scattered backward ASE power, and (d) double Rayleigh back-scattere
power.
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Fig. 4. (Continued.)

scattering—showing the gain decreases from the ASE accumulation/gain depletion
from cascade) and our method (including the ASE depletion obtained from Fig. 5a)
first and tenth FRA cascade. The relative gain error between those two methods re
still within 0.03 dB after 10 span of FRA.

2.3. Application example 2: Raman gain engineering—The inverse problem

Out of many distinctive advantages that the Raman fiber amplifier (RFA) provide
flexibility in gain engineering can be considered to be one of the key advantages tha
types of amplifiers cannot provide. Still, there exists an additional difficulty in the
profile design of FRA, when compared to other types of optical amplifiers: the stron
teractions of pump waves inside the FRA make it difficult to predict the required p
power sets for the target gain profile [4]. To back trace the pump powers require
the target design, one has to iteratively adjust the pump input powers by using



N. Park et al. / Optical Fiber Technology 11 (2005) 111–130 121

FRAs,

lent to
oup-
m the
–15].
ngths
ioned
r cou-
lved

.2, we
f gain
ction
Fig. 5. (a) Accumulated noise power, (b) signal Raman on/off gain in transmission link with concatenated
resolution bandwidth= 0.5 nm.

(i) the amount of gain error between the signal gain and target spectrum—equiva
the shooting method in one form or another—with tracking algorithms by pump gr
ing/simulated annealing [11,12], or (ii) rescaled pump power integrals obtained fro
numerical integration of coupled differential equations/direct measurements [7,13
Even if it should be possible to obtain the required set of pump powers/wavele
following either of these different optimization procedures, all of these aforement
approaches require time-consuming process of repetitive numerical integrations fo
pled ODE [7,12,13] or repetitive measurement [11,14,15] including all of the invo
waves.

With the constructed formulation of the Raman equation described in Section 2
show here that highly accurate estimation of pump powers and fast construction o
profiles can be achieved with much less effort, while still keeping all the Raman intera
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effects in the calculation. For this, we first rewrite the expression for Raman on/off g
Eq. (8), keeping the signal gain term only,

Gi=(M+1)...N =
M+N∑
j=1

gji · Leff,j (L) · Pj (0), �GS = T̃P × �PP + T̃S × �PS, (9)

where

�GS =




GM+1

GM+2

...

GM+N


 ,

T̃P =




g1(M+1)Leff,1(L) g2(M+1)Leff,2(L) · · · gM(M+1)Leff,M(L)

g1(M+2)Leff,1(L) g2(M+2)Leff,2(L) · · · gM(M+2)Leff,M(L)

...
...

...
...

g1(M+N)Leff,1(L) g2(M+N)Leff,2(L) · · · gM(M+N)Leff,M(L)


 ,

�PP =




P1(0)

P2(0)

...

PM(0)


 ,

T̃S =




g(M+1)(M+1)Leff,(M+1)(L) g(M+2)(M+1)Leff,(M+2)(L) · · · g(M+N)(M+1)Leff,(M+N)(L)

g(M+1)(M+2)Leff,(M+1)(L) g(M+2)(M+2)Leff,(M+2)(L) · · · g(M+N)(M+2)Leff,(M+N)(L)

.

.

.

.

.

.

.

.

.

.

.

.

g(M+1)(M+N)Leff,(M+1)(L) g(M+2)(M+N)Leff,(M+2)(L) · · · g(M+N)(M+N)Leff,(M+N)(L)


 ,

�PS =




PM+1(0)

PM+2(0)

...

PM+N(0)


 .

As mentioned before, hereM is the number of pumps, andN is the number of signa
waves.

From this, we start the gain design procedure for multi pumped RFA, by definin
target gain�GT under a given set of constraints (bandwidth, flatness, available pump
bers, etc.). The following steps are used to practically acquire the solution set for a
problem stated above.

Step 1. Initial condition setup
First, considering the nature of adiabatic expansion where we treatgji × Pj (0) ×

Leff,j (�zk) in Eq. (6) as a perturbation parameter, whereL̃
(0)

(�zk) should be equal to
eff,j
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(1− exp(∓αj �zk))/αj . With L̃
(0)
eff,j (�zk), it is possible to get initial estimations for transf

matricesT̃ (0)
P and T̃

(0)
S . By substituting the pre-determined target gain�GT to Eq. (9), the

initial guess of the required pump power�P (0)
P can be obtained by�P (0)

p = (T̃
(0)
P )−1( �GT −

T̃
(0)
S

�PS), where signal power�PS is the fixed boundary value inversely determined form
target gain�GT and pre-determined input signal power.

Step 2. Calculation of higher-order terms
Substituting the�P (0)

j (0) (constructed by�P (0)
P and �PS) andL̃

(0)
eff,j (�zk) into (6), effective

lengths are updated to new valuesL̃
(1)
eff,j (�zk), which are then used to get updated matri

T̃
(1)
P andT̃

(1)
S . From this, �P (1)

P can be obtained by�P (1)
P = (T̃

(1)
P )−1( �GT − T̃

(1)
S

�PS).

Step 3. Reiteration
Reiterating Step 2 for higher orders, the final solution set can be obtained.
Several design examples are shown in Figs. 6 and 8. For the example in Fig. 6, we�GT

to 8 dB over the 70 nm (1530–1600 nm) spectral range. Considering practical restr
in the pump WDM wavelength allocation, 16 equally spaced, counter-directional p
waves at 1420–1495 nm with 5 nm spacing were used. 71 waves at−3 dB m/ch input
power (1 nm spacing, 1530–1600 nm) were also assumed. 37 km of DSF with large R
gain coefficients was used to test the validity of the algorithm.

Figure 6 shows the target gain (open symbol)�GT, and gain profiles generated by usi
the pump powers obtained at each stage of the iteration process (Steps 1–3). F
illustrates the typical trace of the pump evolution at each iteration step. As can be
from the figure, after fifth iteration steps, the pump evolution sufficiently converge
that of a real value, and the gain curve excellently overlaps that of an ideal targe
The convergence error from the iteration procedure becomes almost negligible aft
iteration steps. The observed absolute error between target gain and the iteratively o
gain profile after the fifth iteration steps was smaller than 0.08 dB over the whole 7

Fig. 6. On/off gain profiles of FRA obtained from the results at each iteration process.
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g pump
Fig. 7. Pump evolutions of FRA obtained from the results at each iteration process.

Fig. 8. Examples of gain design with (a) tilted (b) convex/concave target gain profile, and the correspondin
power found by algorithm.
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Fig. 8. (Continued.)

gain spectral range. Naturally, the level of gain accuracy could be further improved
additional iteration steps by monitoring the convergence of the average gain diffe
by each iteration step〈�G〉AVG, but considering most of the practical applications un
experimental error, five iteration step was generally sufficient. The required compu
time to obtain this result after five steps of iteration was less than 1 s with a convention
(2.0 GHz CPU clock). For comparison, the common approach using direct integrat
the Raman amplifier differential equation usually takes minutes for the whole proced
without ASE and Rayleigh scattering effect [7], or even for a single scan—including
and Rayleigh scattering [13].

This unprecedented level of convergence speed is attributed to the following: (
moval of the use of time-consuming coupled ODE equations in the optimization pro
(2) transformation of coupled Raman equations into closed integral equation form,
enables the solution to be found along the iteration axis not the fiber propagation
(3) matrix formulation for both of the signal SRS effect and effective length iteration e
tion, enabling fast numerical process in the software, and (4) simultaneous applica
signal SRS effect and pump integral update in every iteration step.

Figure 8 shows the design examples applied with this algorithm for various sha
ideal target gain profiles (under identical setting as that of Fig. 6).
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2.4. Application example 3: Gain clamping under channel reconfiguration

With technological advancement for the optical link equipped with dynamic lam
channel routing function, there have been many efforts to develop the control m
for an optical amplifier to cope with input power variation induced by WDM chan
add/drop. To assess the FRA-transient related issues such as cross gain modulatio
stimulated Raman scattering (SSRS), and pump-to-pump interaction, numerical and
imental studies have been carried out [16–19]. Though previous the gain control m
based on pump grouping [11], ASE/gain slope measurement [20], OTDR [14], linea
trix method [15], closed form expansion [8] in steady-state could provide some clu
the method to keep constant gain under channel add/drop condition, still a clear alg
for the wideband FRA with large number of multi-pump/signal have not been prop
especially in deep saturation regime where pump depletion/SSRS effects manifest.

Here, we apply the gain design algorithm described in Section 2.3 to the gain cla
problem as another application example to find out the required pump power set un
dynamic network reconfiguration environment. For this purpose in applying the tech
described in Section 2.3, it is worth to note that to obtain a stable and reasonable so
the algorithm should be processed with not only surviving signal channels but also
dropped signal channels, while naturally treating the power of dropped signal chan
zero.

As an example, a wide-band FRA providing 11.8 dB average on/off gain to the 80
band WDM signal channels has been constructed using the algorithm presented
(C-band: 40 channel, 1529.2–1560.4 nm, L-band: 40 channel, 1570.0–1601.2 nm
100 GHz spacing,−10 dB m/channel). The required pump powers for the seven pu
(1420–1470 nm with 10 nm spacing and 1 additional pump at 1490 nm) were 135
55, 48, 51, 9, 84 mW, respectively.

Figure 9 shows the gain spectrum of FRA under channel drop in a different
ner with/without the pump adjustment. As illustrated, successful gain clamping has
achieved with the proper adjustment of pump powers, which were found applyin
algorithms described in Section 2.3. To compare, 0.5 dB of excursion in the gain
been observed for surviving channels (40 channel drop out of 80 channel), when no
control has been applied. The required computation time to obtain this result was
similar to the one in Section 2.3.

2.5. Application example 4: Analytic solution for gain clamping

Even if the gain-clamping problem can be easily addressed with the methods des
in Sections 2.3 and 2.4, the dynamic control of FRA requires an algorithm that is
faster than the order of seconds. Restricting the given problem to practical applic
where we use a small signal for the input of RFA, we now show that the simplified
lytic solution enabling faster calculation of required pump power set could be obtaine
begin, we rewrite the FRA gain in Eq. (8) to the following matrix form that the pump
signal gain parts are separated, by using the similar formalism in Eq. (9),[

Gp
]

=
[

Cpp Csp
][

Ip
]

, (10)

Gs Cps Css Is
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Fig. 9. Gain spectrum with/without the adjustment of pump power: (a) interleaved channels dropped out,
shifted channels dropped.

whereGp is aM × 1 vector representing the Raman gain for pumps, andIp andIs are the
vector constructed from the power integral (equal toP(0)×Leff(L)) of pumps and signals
respectively. Comparing to Eq. (8), it is easy to see thatC is a constant matrix compose
of elementsgji (equivalently, same as matrixT withoutLeff). Under this formulation, the
physical meanings of the sub-matrixCij become clear:Cpp = pump-to-pump interaction
Css= signal-to-signal interaction (signal SRS),Csp = signal-to-pump interaction (pum
depletion), andCps= pump-to-signal interaction (signal amplification).

On the other hand, we note that the following equation should be satisfied, if one
to keep the gain of the surviving channel unchanged under the channel reconfig
environment,

�Gs = Cps�Ip + Css�Is = 0, (11)

�Ip = −(Cps)
−1Css�Is, (12)
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where�Gs,�Is, and�Ip are the change in the signal gain, change in the integral o
signal and pump power, respectively. Applying Eq. (12) to the pump gain in Eq. (10
relation between�Gp and�Is becomes

�Gp = Cpp�Ip + Csp�Is = {−Cpp(Cps)
−1Css+ Csp

}
�Is. (13)

Now, restricting the given problem to the undepleted pump regime, the signal p
evolutions along the fiber should not be different from that of original operating cond
even after the channel reconfiguration. In this approximation,�Is can be easily deter
mined, since�Is of dropped channels are naturally−Is, and�Is of surviving channels
are zero (tested error�Is/Is was less than 0.2 dB for 78 channels dropping out of 80
examples in the previous/following settings).

Meanwhile, from the definition of effective length, the variation of pump effec
length�Leff,p can be calculated by using the variation of pump gain�Gp as follows:

Leff,p + �Leff,p =
L∫

0

[
(Pp(0) + �Pp(0))exp{−αpz + (Gp(z) + �Gp(z))}

Pp(0) + �Pp(0)

]
dz,

�Leff,p = −Leff,p +
L∫

0

exp
{−αpz + (

Gp(z) + �Gp(z)
)}

dz. (14)

Again, employing the definition of effective length, the variation of pump power inte
and pump gain can be related to the variation of the pump power�Pp(0) (note, this is the
final target solution)—as follows:

Leff,p + �Leff,p =
∫ L

0 Pp(z) + �Pp(z) dz

Pp(0) + �Pp(0)
= Ip + �Ip

Pp(0) + �Pp(0)
,

�Pp(0) = �Ip − �Leff,pPp(0)

Leff,p + �Leff,p
, Ip = Leff,pPp(0), (15)

where�Ip is a known quantity from Eq. (12),Pp(0) is the input pump power before th
reconfiguration, andLeff,p is the effective length from the initial setup (which we alrea
know).

Because this analytic approach does not require any iteration process—in contras
examples of Section 2.4—but only simple calculation from the known parameters of
(before the reconfiguration) and changes in the signal power, the whole procedure
search of the proper pump power sets required for the gain control can be achieve
orders of higher speed (∼20 µs) when compared to the method based on iteration app
described in Sections 2.3 and 2.4 (∼1 s).

As an example, for the identical reconfiguration scenario used in Section 2.4, we
lated the pump power sets from the above equations. The gain spectrums from this a
pump power set is illustrated in Fig. 10. Up to the input power change of 6 dB (60
80 channel drop-out), the residual gain excursion was suppressed within 0.2 dB wi
gain clamping method. It is worth to note that, even if the small signal approximatio
been applied to get the above analytic result, the observed gain error was still small
0.5 dB when the same test was carried out with an increased signal power of−5 dB m/ch.
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Fig. 10. Gain spectrum with pump adjustment by analytic derivation: (a) interleaved channels dropped out,
shifted channels dropped.

3. Conclusion

We introduced a novel FRA modeling framework by transforming the complicated
ferential Raman equation into a closed integral/matrix form. By taking the effective le
as the interim target solution and updating its value along the iteration axis, Rama
and pump/signal power evolution can be obtained with orders of magnitude incre
convergence speed and excellent accuracy when compared to the previous, coupl
based approaches. Application of this formalism to the problem of (i) gain prediction
a given parameters, (ii) gain spectrum engineering for the search of optimum pump
set under the given constraints, (iii) gain clamping problem for the channel reconfi
tion, and (iv) derivation of analytic formula for the faster FRA dynamic control have b
addressed, with excellent accuracy and conversion speed to assist the high-level, p
design of the FRA.
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